Abstract. We prove that a K3 quartic surface defined over a field of characteristic 2 can contain at most 68 lines. If it contains 68 lines, then it is projectively equivalent to a member of a 1-dimensional family found by Rams and Schütt.
Introduction
The enumerative geometry of lines on smooth quartic surfaces has been the object of intensive study in the last few years.
The problem of determining the maximum number of lines on a smooth complex quartic X had already been tackled in 1943 by B. Segre [12] . However, his proof that this maximum is 64 was flawed, and it was corrected only 70 years later by Rams and Schütt [8] . Their proof is also valid for surfaces defined over fields K of positive characteristic different from 2 and 3. A smooth quartic surface containing 64 lines had already been found in 1882 by Schur [11] .
Rams and Schütt's approach is based on the study of the elliptic fibration induced by the pencil of planes containing a line on X. Degtyarev, Itenberg and Sertöz [5] -spurred by a remark of Barth [1] -attacked the problem using computer-based lattice-theoretical methods. One of their main results is the complete classification of configurations of lines on smooth complex quartics with more than 52 lines.
Quartic surfaces defined over fields of characteristic 3 and 2 feature quite different behaviors. For instance, if char K = 3 the Fermat surface is the unique (smooth) quartic surface up to projective equivalence which contains 112 lines. This is indeed the maximum possible, as shown by Rams and Schütt [7] . On the other hand, Degtyarev [4] has proven that in the case char K = 2 a smooth quartic surface can contain at most 60 lines, a bound attained for example by the nonsingular reduction of the surface in [9, §8] .
The high number of lines that can be observed in characteristic 3 is due to the fact that the genus 1 fibration induced by the pencil of planes containing a line ℓ on X can be a quasi-elliptic fibration. If this is the case, then ℓ intersects 30 other lines on X. This phenomenon, however, does not appear on smooth quartics in characteristic 2 according to [9, Proposition 2.1] (see also Remark 4.7).
Smooth quartic surfaces are well-known examples of K3 surfaces. The minimal desingularization of a quartic surface with at most (isolated) rational double points as singularities is still a K3 surface: we call such a surface a 'K3 quartic surface'. In [13] we extended Segre-Rams-Schütt's theorem to K3 quartic surfaces defined over fields of characteristic different from 2 and 3, providing at the same time a new proof for the smooth case which does not employ the technique of the so-called 'flecnodal divisor '. This article concerns the maximum number of lines contained on a K3 quartic surface defined over a field K of characteristic 2, which we can assume to be algebraically closed. The case char K = 3 will be dealt with in a subsequent paper. The case of complex quartic surfaces with worse singularities has been treated by González Alonso and Rams [6] , but it is still open in positive characteristic.
Our main result is the following theorem. The striking fact that non-smooth K3 quartic surfaces can contain more lines than smooth surfaces was already noted by Rams and Schütt [9] , who also provided a 1-dimensional family X 68 of quartic surfaces with one singularity of type A 3 attaining the bound of Theorem 1.1. This feature can be explained by the fact that the phenomenon of quasi-elliptic lines (i.e., lines inducing a quasi-elliptic fibration on the minimal desingularization of X) does indeed take place once we allow for rational double points.
We are also able to prove the following uniqueness result.
Theorem 1.2. If X contains 68 lines, then X is projectively equivalent to a member of family X 68 .
The paper is structured as follows. Section 2: We set the notation and present some general facts on K3 quartic surfaces defined over a field of any characteristic. Section 3: We list the main results about elliptic lines, whose study is essentially the same as in characteristic 0. Section 4: Quasi-elliptic lines, which provide the main differences both from the case of fields of characteristic different from 2, and from the case of smooth surfaces, are studied extensively in this section. Section 5: We carry out the proof of Theorem 1.1. Section 6: We carry out the proof of Theorem 1.2.
Lemma 2.9. Let P be a singular point on a line ℓ. Then, exactly one of the exceptional divisors on Z coming from P is a section of the fibration induced by ℓ, and all others are fiber components.
Proof. Take a general residual cubic E relative to ℓ. Since E is smooth at P by Lemma 2.8, its strict transform F hits exactly one exceptional divisor. On the other hand, all other exceptional divisors have intersection 0 with the fiber F , so they must be fiber components.
Valency.
Definition 2.10. Given a K3 quartic surface X, we will denote by Φ(X) the number of lines lying on X.
Building on an idea of Segre [12] , we will usually be interested in finding a completely reducible plane, i.e., a plane Π such that the intersection X ∩ Π splits into the highest possible number of irreducible components, namely four lines ℓ 1 , . . . , ℓ 4 (not necessarily distinct). If a line ℓ ′ not lying on Π meets two or more distinct lines ℓ i , then their point of intersection must be a singular point of the surface. It follows that Φ(X) is bounded by Φ(X) ≤ #{lines in Π} + #{lines not in Π going through Π ∩ Sing(X)}
#{lines not in Π meeting ℓ i in a smooth point}.
(1)
It will then be a matter of finding a bound for the second and third contribution. The former will be usually dealt with using Lemma 2.7. As for the latter, it is natural to introduce the following definition.
Definition 2.11. The valency of ℓ, denoted by v(ℓ), is the number of lines on X distinct from ℓ which intersect ℓ in smooth points.
Most of the time we will express the latter contribution in terms of v(ℓ i ), and much of the work will be dedicated to finding a bound for these quantities. Of course, not all K3 quartic surfaces admit a completely reducible plane, in which case we will turn to other techniques, such as the ones presented in [13, §5] . Definition 2.12. A 3-fiber is a fiber whose residual cubic splits into three lines, whereas a 1-fiber is a fiber whose residual cubic splits into a line and an irreducible conic. A line ℓ is said to be of type (p, q), p, q ≥ 0, if in its fibration there are p fibers of the former kind and q fibers of the latter kind. Definition 2.13. The (local) valency of a fiber F , denoted by v ℓ (F ), is the number of lines distinct from ℓ contained in the plane corresponding to F that meet ℓ in a smooth point. When it is clear from the context, we will simply write v(F ).
Obviously,
and the sum is actually a finite sum.
Lemma 2.14. If ℓ is an elliptic line without 3-fibers, then v(ℓ) ≤ 12.
Proof. See [13, Lemma 2.7] .
The assumption that ℓ is elliptic is essential, see §4.
2.3. Lines of the first and second kind. Let x 0 , x 1 , x 2 , x 3 be the coordinates of P 3 . Up to projective equivalence, we can suppose that the line ℓ is given by the vanishing of x 0 and x 1 , so that the quartic X is defined by (3) X :
where i 0 , . . . , i 4 are non-negative integers.
Remark 2.15. We will usually parametrize the planes containing ℓ by Π t :
, where of course t = ∞ denotes the plane x 1 = 0. Two equations which define the residual cubic E t contained in Π t are the equation of Π t itself and the equation
obtained by substituting x 0 with tx 1 in (3) and factoring out x 1 . An explicit computation shows that the intersection of ℓ with E t is given by the points [0 : 0 :
Given a line ℓ of positive degree, a crucial technique to find bounds for v(ℓ) is to count the points of intersection of the residual cubics E t and ℓ which are inflection points for E t . By inflection point we mean here a point which is also a zero of the hessian of the cubic. In fact, if a residual cubic E t contains a line as a component, all the points of the line will be inflection points of E t .
Supposing that the surface X is defined as in equation (3), the hessian of the equation g defining the residual cubic E t (see Remark 2.15) restricted on the line ℓ is given by (5) h := det
which is a polynomial of degree 5 in t, with forms of degree 3 in (x 2 , x 3 ) as coefficients. If char K = 2, we need to modify the definition of the hessian slightly, as suggested by Rams and Schütt [7] . If m is the coefficient of the monomial x 1 x 2 x 3 in g, then one defines
which is to be understood first as an algebraic expression over Z in terms of the generic coefficients of g, then interpreted over K by reducing modulo 2 and substituting.
We want now to find the number of lines intersecting ℓ by studying the common solutions of (4) and (5) (or (6)) on the line ℓ. It is convenient to extend Segre's nomenclature [12] .
Definition 2.16. The resultant R(ℓ) with respect to the variable t of the polynomials (4) and (5) (or (6) if char K = 2) is called the resultant of the line ℓ. Definition 2.17. We say that a line ℓ of positive degree is a line of the second kind if its resultant is identically equal to zero. Otherwise, we say that ℓ is a line of the first kind.
A root [x 2 :x 3 ] of R(ℓ) corresponds to a point P = [0 : 0 :x 2 :x 3 ] on ℓ; if P is a smooth surface point, then it is an inflection point for the residual cubic passing through it. A local computation yields the following lemma, which holds in any characteristic. Proof. Since equation (4) is linear in t and -once one has got rid of the common factors of α and β -it has degree d in (x 2 , x 3 ), the resultant R(ℓ) of a line ℓ of the first kind is a form in (x 2 , x 3 ) of degree 3 + 5 d. The claim follows from Lemma 2.18.
2.4.
Triangle free surfaces. We follow here the nomenclature of [13, §5] . In particular, the line graph of a K3 quartic surface X is the dual graph of the strict transforms of its lines on Z. The line graph Γ = Γ(X) of a K3 quartic surface X is a graph without loops or multiple edges. By definition, the number of its vertices is equal to Φ(X). A Dynkin diagram (resp. extended Dynkin diagram) is also called an elliptic graph (resp. parabolic graph). Definition 2.20. A K3 quartic surface X is called triangle free if its line graph contains no triangles, i.e., cycles of length 3.
In other words, a K3 quartic surface X is triangle free if there are no triples of lines on X intersecting pairwise in smooth points. The next definition has an analogous geometric interpretation. Definition 2.21. A K3 quartic surface X is called square free if it is triangle free and if its line graph contains no squares, i.e., cycles of length 4. Proof. For lines of degree 0, we have v(ℓ) ≤ 2 by [13, Lemma 2.6], so we can suppose that ℓ has positive degree. It is sufficient to show that
for all fibers F of the fibration induced by ℓ. In fact, if this holds, then by formula (2)
and we conclude.
Formula (7) is clear for a 1-fiber F , because v(F ) ≤ 1 and e(F ) ≥ 2. Observe that if a 3-fiber F contains a double line, then e(F ) ≥ 6. Since v(F ) can never be greater than 3, we get (7). Hence, we can suppose that F is a 3-fiber composed of three distinct lines ℓ 1 , ℓ 2 , ℓ 3 . Moreover, no three lines among ℓ and the ℓ i 's can meet in a smooth point, since there are no triangles.
If v(F ) = 3, then two configurations may arise, as pictured below: either the ℓ i 's meet in different points or they are concurrent. If they meet in different points, then all points must be singular, because of the triangle free assumption, giving rise to a fiber of type I n with n ≥ 6. If they are concurrent, then the intersection point must be singular and the corresponding fiber must have at least 4 components, three of which of multiplicity 1, and no cycle, i.e., it must be of type I * n or IV * . In any case, e(F s ) ≥ 6 and again we obtain (7).
If v(F ) = 2, then there is a singular point on ℓ and one of the ℓ i 's passes through it, while the other two lines meet ℓ in two other smooth points. Again, the lines ℓ i can meet in different points or in the same point (see picture below). In the former case, it is not possible that all the intersection points of the ℓ i 's are smooth; thus, the fiber is of type I n with n ≥ 4 and (7) holds. In the latter case, we can argue as before.
In case v(F ) = 1 formula (7) is automatically satisfied, since for a 3-fiber e(F ) ≥ 3.
In the last part of this section, we would like to classify the possible configurations of lines and singular points on a completely reducible plane. Note that if three lines form a triangle, then they are necessarily coplanar and the plane containing them is completely reducible. • either the lines meet in pairwise distinct point (configurations A),
• or exactly three of them are concurrent (configurations B),
• or four of them are concurrent (configuration C). Note that a singular point of the surface contained in the plane must be the intersection point of two or more lines. By hypothesis, ℓ 1 , ℓ 2 and ℓ 3 meet in smooth points. Up to symmetry, the only possible configurations are those in the picture. Proof. We omit the proof, which employs the same combinatorial arguments as in Lemma 2.23.
The nomenclature for completely reducible planes introduced in Figures 1, 2 and 3 will be used also in the next sections. 
Elliptic lines
From now on, K will denote an algebraically closed field of characteristic 2.
In this section we list some results on separable elliptic lines, especially the bounds on their valency, which are summarized in Table 1 . We postpone the study of inseparable lines (both elliptic and quasi-elliptic) to Lemma 4.11.
Lines of the first kind, both elliptic and quasi-elliptic, have been treated in Proposition 2.19.
The analysis of lines of the second kind in characteristic 2 is essentially the same as in characteristic 0. In fact, our arguments dealt with torsion sections of order 3 and fail only in characteristic 3. The only discrepancy is that lines of degree 3 and 2 have different ramification types, but this is compensated by wild ramification. We omit the proofs, but state the main facts that we will use later on. As in characteristic 0, the last ramification type in Lemma 3.1 deserves to be given a name. degree singularity valency
Quasi-elliptic lines
In this section we study quasi-elliptic lines and find bounds on their valency. We summarize our results in Table 2 .
We will first recall some general facts about quasi-elliptic fibrations in characteristic 2 (see [2, 10] ). The cuspidal curve of a quasi-elliptic fibration on a K3 surface Z → P 1 (in particular, of a fibration induced by a quasi-elliptic line) is a smooth rational curve K such that K · F = 2. Only the fiber types
can appear in a quasi-elliptic fibration. We call such fibers quasi-elliptic fibers. The restriction of the fibration Z → P 1 to K is an inseparable morphism of degree 2. The cuspidal curve meets a reducible fiber in the following ways (multiple empty dots represent different possibilities):
In particular, we observe that • the way K meets a reducible fiber is uniquely determined apart from type II * ; • K meets a component of a reducible fiber always transversally;
• K always meets only one component of multiplicity 2, with the exception of type III, where it meets two components of multiplicity 1.
Lemma 4.2. A section of a quasi-elliptic fibration does not intersect the cuspidal curve.
Proof. We suppose the section and the cuspidal curve meet at a point on a fiber F . Since the cuspidal curve intersects F in a singular point or on a double component, the section would have intersection at least 2 with F . Proof. Suppose the cuspidal curve of the fibration induced by ℓ coincides with an exceptional irreducible divisor E; then E must come from the resolution of a singular point P on ℓ. Since the general residual cubic is the image of a curve with a cusp on E, it should be singular in P , but this is ruled out by Lemma 2.8.
Quasi-elliptic lines of degree 2 play a special role. In fact, this is the only case where the strict transform L of the line ℓ can be the cuspidal curve itself, since L · F = 2. We give a name to these particular lines.
Definition 4.4.
A line ℓ is said to be cuspidal if it is quasi-elliptic of degree 2 and the cuspidal curve on Z coincides with the strict transform of ℓ itself.
Assume that ℓ is a quasi-elliptic line which is not cuspidal. By virtue of Lemma 4.3, the cuspidal curve K of the fibration induced by ℓ is a smooth rational curve in Z of positive degree k = K · H > 0, where H a hyperplane divisor in Z.
We introduce now a way to parametrize such cuspidal curves. Let us first choose a parameter s for K so that the restriction π| K : K → P 1 is given by
where t parametrizes the planes containing ℓ: x 0 = tx 1 . LetK := ρ(K) be the image of K in P 3 through the resolution ρ : Z → X. Then, we obtain a morphism from K toK ⊂ P 3 given by
where ψ i (s) is a polynomial of degree k, i = 0, . . . , 3.
Let nowπ : X P 1 be the rational mapπ = π • ρ −1 . Clearly, on the chart x 1 = 0, the mapπ can be written as
since ℓ is not cuspidal and because of Lemma 4.3,K has non-trivial intersection with the domain of definition ofπ; hence, the restriction of π =π • ψ to (an open subset of) K is given by
Comparing with (8), we see that ψ 0 (s) = s 2 ψ 1 (s), i.e., we can parametrizē K as
where a i , b i , c i ∈ K, and k is the degree of K. Note that the point ψ(s) lies in the plane x 0 = s 2 x 1 .
4.1.
Quasi-elliptic lines of degree 3. Since a quasi-elliptic line of degree 3 is never cuspidal, in the following lemma we will suppose that the image of K in P 3 is parametrized by (9) . Proof. The pullback of a plane containing ℓ is a divisor H = F + L on the minimal resolution of X. The degree of K is by definition k :
If K and L meet at a point P , then the image of P in X (which we will call P again) is a ramification point for ℓ. Since there are at most two ramification points, K · L ≤ 2, unless K is tangent to L in at least one of them. Suppose therefore that K is tangent to L at P . Claim 1. The point P cannot be of ramification 3.
Proof of the claim. The fiber F passing through P must be singular in P , since K is going through P . On the other hand, the corresponding residual cubic C cannot be reducible, because P is a point of ramification index 3. In fact, if C is the union of a line m and an irreducible conic Q, then Q is tangent to ℓ, and m intersects Q in two different points, giving rise to a fiber of type I n : since ℓ is quasi-elliptic, this is not possible. If C is the union of three lines, possibly not all distinct, then K would have triple intersection with F , also impossible. Therefore the cubic F is irreducible, with a cusp in P and tangent to ℓ. Since K is also tangent to L, we have K · F ≥ 3.
We can thus assume that P has ramification index 2. Up to a change of coordinates, P can be given by [0 : 0 : 0 : 1]. This means choosing a 0112 = 0, a 0103 = 0, while a 0121 and a 1003 must be non-zero, and can be normalized to 1.
Claim 2. The point P is of ramification 2 4 .
Proof of the claim. Consider the parametrization (9). Since K goes through P , we can set a 0 = 0, b 0 = 0 and normalize c 0 = 1. Imposing that ψ(s) is a singular point of the cubic in the plane x 0 = s 2 x 1 for all s, one finds -beside other relations -that a 1012 = a 0130 , which is the condition for P to be a point of ramification 2 4 .
It follows that ℓ has only one ramification point, so that K · L ≤ 2 unless K is tangent to L of order at least 3. Hence, we further set a 2 = 0, but this condition leads to ℓ containing a singular point, which contradicts the fact that ℓ has degree 3. (10) iii
A fiber of type III has local valency at most 1 (because if it contains a line, the other component must be an irreducible conic), while other reducible fibers have valency at most 3. Moreover, fibers of type III * and II * have valency ≤ 2 because they do not contain three simple components. Hence, using equation (10) we obtain a first rough estimate
We want to rule out all possible configurations that lead to v(ℓ) > 16. We first note that a fiber of type III has local valency equal to either 1 or 0, according to whether the residual cubic is the union of a line and a conic, or an irreducible cubic with a cusp at a singular point of type A 1 . We denote the number of the former III-fibers with iii ′ and of the latter with iii ′′ .
First of all, if v(ℓ) > 16, then iii * = ii * = 0 and i * n = 0 for all n > 2, by formulas (10) and (11) . If i * 2 > 0, then i * 2 = 1, iii = iii ′ = 14, and the I * 2 -fiber must have valency 3; the corresponding cubic must then have the following shape:
In fact, the lines must meet at the same point (otherwise ℓ would have a fiber of type I n ), and this point must be singular of type A 4 (the strict transforms of the three lines are three simple components of the fiber I * 2 ; the dual graph of the remaining components is an A 4 -diagram).
If i * 2 = 0 and i * 0 > 0, then i * 0 = 1 or 2. Observe that there cannot be a fiber of type I * 0 not contributing to v(ℓ), otherwise v(ℓ) ≤ 16. Arguing as with type I * 2 , it follows that the residual cubic of a fiber of type I * 0 is one of the types I * 0,n , n = 1, 2, 3, as pictured:
If i * 0 = 2, then iii = 12, one of the I * 0 must have valency 3 (i.e., be of type I * 0,3 ) and the other must have valency 3 or 2 (i.e., be of type I * 0,3 or I * 0,2 ). Once the numbers i * 2 and i * 0 are fixed, the sum iii = iii ′ + iii ′′ is uniquely determined by the number of the other fiber types and it is then a matter of listing all possibilities for iii ′ and iii ′′ that lead to v(ℓ) > 16. There are 14 cases in total, as displayed in Table 3 . Table 3 . Fiber configurations for a quasi-elliptic line ℓ of degree 3 with v(ℓ) > 16. For each case, one can check that the lattice generated by L, the components of its fibers, the cuspidal curve K (which has degree k, 2 ≤ k ≤ 4, according to Lemma 4.5), and a general fiber has rank 23.
Remark 4.7. An immediate corollary of the last proposition is the fact that on a smooth surface all lines are elliptic, which has already been proven by Rams and Schütt [9, Proposition 2.1] using a different approach. In fact, a quasi-elliptic line on a smooth surface could only have 20 fibers of type III, falling into case 11 of Table 3 (which would be the only case to be ruled out).
Example 4.8. The bound of Proposition 4.6 is sharp and is reached, for example, by the line ℓ : x 0 = x 1 = 0 in the surface
The 16 lines meeting ℓ are given by x 0 = x 3 = 0 and by x 1 = s 4 x 0 , x 0 = ax 2 + bx 3 , where a = s/(s 4 + s + 1), b = 1/s 2 and s is a root of
4.2.
Quasi-elliptic lines of degree 2.
Proof. Consider the quasi-elliptic fibration induced by ℓ; let i be the number of fibers of type III and j the number of reducible fibers not of type III. The residual cubic of a fiber of type III cannot contain more than one line, while the other fibers contribute at most 2 to the valency of ℓ, since ℓ has degree 2. It follows that v(ℓ) ≤ i + 2 j. Computing the Euler-Poincaré characteristic yields i+4 j ≤ 20, so v(ℓ) ≤ 20.
We claim that v(ℓ) cannot be exactly 20. Indeed, if v(ℓ) = 20, then ℓ has exactly 20 fibers whose components are a line and an irreducible conic.
Moreover, by Lemma 2.9 the singular point on ℓ must be of type A 1 , giving one divisor E 0 in the resolution which is a section of the fibration, or else the On the other hand, a 0130 and a 1012 must be non-zero in order to prevent ℓ from having degree 1; hence, we can normalize both of them to 1. In what follows, this will be the standard parametrization for lines of degree 2.
The following lemma holds also for elliptic lines. One can see explicitly that P s is a singular point of E s if and only if s is a root of the following degree 6 polynomial: Furthermore, it can be checked by a local computation that if E s splits off a line, then s is a root of ϕ(s). Since there can be at most 2 lines through P s , this implies that the valency of ℓ is not greater than 2 · 6 = 12, unless the polynomial ϕ vanishes identically, but ϕ ≡ 0 implies that all points P s are singular for E s , i.e., the line ℓ is cuspidal.
Let ℓ be a quasi-elliptic line of degree 2, K the cuspidal curve of the fibration induced by ℓ, and k = K · H the degree of K. Considering the pullback of a plane containing ℓ, we can write H = F + L + E, where E = n i E i has support on the exceptional divisors coming from the singular point on ℓ. We will denote by P the point of intersection of E and ℓ. The following lemma will help us determine the coefficients n i . Proof. Suppose there are no residual cubics as in the picture. Assume that F is a fiber of ℓ of type III with v(F ) > 0. Its residual cubic must split into a line and an irreducible conic; since its residual cubic cannot be of type R 1 or R 2 , it must have configuration R 3 (which can appear only once, since the intersection number of the general residual cubic with ℓ at the singular point is equal to 1).
On the other hand, reducible fibers F not of type III with v(F ) > 0 must have e(F ) ≥ 6 (because ℓ is quasi-elliptic) and v(F ) ≤ 2 (because ℓ has degree 2). Therefore, there can be at most 5 of them (4, if configuration R 3 appears) and v(ℓ) can be at most 10. 
Considering a residual cubic as in Lemma 4.12, it is clear that the coefficients n i in E must be equal to 1, since the plane must correspond to a fiber of type I n for the other line. Therefore we can write E = E 0 + E 1 + . . . + E n−1 , where E 0 is a section and the other E i 's are fiber components (necessarily of the same fiber). Therefore, E · K ≤ 1.
Moreover, by a local computation one can see that K · L ≤ 1. In fact, K can intersect ℓ only in the point of ramification Q. The local computation is needed to rule out that K might be tangent to ℓ in Q. It follows that K · L ≤ 1 and the only possible cases are those listed. In fact, if P coincides with Q, then K · E = 1. Proof. Thanks to Lemma 4.11, we can assume that ℓ is separable. We claim that a separable quasi-elliptic line of degree 2 is always of the first kind, whence the bound on the valency follows.
In order to prove this, we parametrize such lines according to the possible values of the degree k of the cuspidal curve K. Assume that the image of K in P 3 is parametrized as in (9) . By Lemma 4.12, we can apply Lemma 4.13. According to the cases described there, we have the following conditions, after normalization: We impose that ψ(s) is indeed a singular point of the residual cubic in the plane x 0 = s 2 x 1 for every s ∈ P 1 . It turns out that we can always express the following coefficients in terms of the others: a 0211 , a 1111 , a 2011 ; a 0400 , a 1300 , a 2200 , a 3100 , a 4000 ; a 0310 , a 1210 , a 2110 , a 3010 ; a 0301 , a 1201 , a 2101 , a 3001 .
(The first three turn out to be always equal to zero). In all cases one can verify that if in addition the conditions for being a line of the second kind are also satisfied, then all points on K are singular, which contradicts the fact that X only admits isolated singularities.
Example 4.15. The following surface contains a separable quasi-elliptic line ℓ : x 0 = x 1 = 0 of degree 2 and valency 12:
Two lines meeting ℓ are contained in the plane x 1 = x 0 , while other 10 lines are contained in x 1 = tx 0 , where t is a root of
4.3.
Quasi-elliptic lines of degree 1. In order to study quasi-elliptic lines of degree d = 1, we will need to find a bound on the degree k = K · H of the cuspidal curve K. Considering the pullback of a general plane containing ℓ, one can write the hyperplane divisor as
where F is a general fiber, L is the strict transform of ℓ and the sum goes over the exceptional divisors coming from the singular points on ℓ. Note that L is a section of the quasi-elliptic fibration, so K · L = 0. According to Lemma 2.9, for each singular point there is an exceptional divisor E 0 which is a section (hence K · E 0 = 0), while the others are fiber components (hence K · E i ≤ 1 and equality holds for at most two E i 's per fiber). The following lemma will be useful to determine the coefficients n i . 
Lemma 4.17. If a quasi-elliptic line ℓ is contained in a plane with a residual cubic as in Lemma 4.16, then its cuspidal curve has degree at least 2 and at most 4.
Proof. Let us call ℓ ′ and Q the line in the residual cubic on the plane Π given by Lemma 4.16. Suppose first that ℓ has two singular points P and
be the pullback of a general plane containing ℓ, where F is a general fiber of the fibration induced by ℓ and the E i 's (resp. E ′ i 's) come from the resolution of P (resp. P ′ ). We let E 0 and E ′ 0 be the sections of π (Lemma 2.9). Since the plane Π corresponds to a fiber of type I N for the line ℓ ′ , the points P and P ′ must be of type A n and A n ′ respectively (with N = n + n ′ + 2); moreover, pulling back Π we see that the coefficients of the E i 's and E ′ i 's must be equal to 1, so
and we have the following diagram (curves of genus 0 are marked with a circle, curves of genus 1 with a square).
The divisors E 1 , . . . , E n−1 and E ′ 1 , . . . , E ′ n−1 are components of two distinct fibers for ℓ, and the cuspidal curve K can meet at most one of them in each fiber, so
Suppose now that ℓ has only one singular point P (necessarily not of type A 1 , by explicit computation of the tangent cone).
The pullback of Π gives H = F +L+ n i E i . The strict transforms L and Q and the divisors E i 's make up a fiber of the fibration induced by ℓ ′ which has at least two simple components (L andQ) and at least four components; hence, it must be of type I * n+1 , IV * or III * . In the former case, we can have two different configurations, according to whether P is of type A n or D n , while in the latter two cases P is of type D 5 resp. E 6 . We have the following diagrams, where E 0 always denote the exceptional divisor which is a section for the fibration of ℓ (Lemma 2.9).
(a) Proof of the claim. In these cases the exceptional divisors E 1 , . . . , E m , with m = n − 2, 4 resp. 5, are components of a fiber for ℓ; we write this fiber as
where F ′ denotes the pullback of the residual cubic. Since E 0 and L are sections, the E i 's intersecting them must have multiplity r i = 1. But then we find a contradiction, since no quasi-elliptic fiber can have the following sub-configurations of divisors with multiplicities.
(a), n ≥ 5
In the few cases left, the multipliticities n i are not greater than 2.
(i) In case P of type D n , the E i 's are part of the same fiber for ℓ, so
(ii) In case P of type
(iii) Finally, in case P of type A 4 , let
be the fiber containing E 1 ; since E 1 intersects the section E 0 , n 1 = 1 and since F has more than 3 components, K does not intersect simple components, so K · E 1 = 0. Thus, . Moreover, we can assume that the residual cubic in x 0 = t 2 x 1 intersects ℓ twice in P for t = 0, and twice in P ′ for t = ∞. This means that the following coefficients can be set equal to zero:
a 1003 , a 0103 ; a 1030 , a 0130 ; a 0112 , a 1021 ;
whereas a 0121 and a 1012 must be non-zero and can be set equal to 1.
Suppose that the image of the cuspidal curve K in P 3 is parametrized by ψ as in (9) . By Lemmas 4.16 and 4.17, K can have degree (i) k = 2, (ii) k = 3, or (iii) k = 4. It follows from the proof of the latter lemma that these cases happen exactly when the image of K goes (i) neither through P nor P ′ , (ii) through exactly one of them (say, P ), or (iii) through both of them. When ψ(s) is not equal to P or P ′ for s = 0 or s = ∞, then up to a further coordinate change we can suppose that ψ(0) = [0 : 1 : 0 : 0] or ψ(∞) = [1 : 0 : 0 : 0]. Thus, we have the following conditions, after normalization:
We then impose that the point ψ(s) is in the zero locus of the derivatives of the residual cubics (parametrized by x 0 = s 2 x 1 ) for all t ∈ P 1 , finding conditions on the coefficients a i 0 i 1 i 2 i 3 .
We observe that each residual cubic which contributes to the valency of ℓ must split off a line m ′ passing through ψ(s) and the point [0 : 0 : s 2 : 1] on the line ℓ. The equations of m ′ can be explicitly found (one of them is x 0 = s 2 x 1 and the other is of the form ax 1 +bx 2 +cx 3 = 0) and imposing that X contains m ′ yields a polynomial in s, which is generically of degree 12−2 k by an explicit computation. This polynomial cannot be the zero polynomial, otherwise all points on the cuspidal curve would be singular, contrary to the fact that there are only isolated singularities on X. Therefore, Proof. By Lemma 4.16, we can suppose that there exists a residual cubic splitting into a line m and an irreducible conic tangent to m and tangent to ℓ in its singular point P . Up to a change of coordinates, we can suppose that P = [0 : 0 : 0 : 1], the line m is given by x 1 = x 3 = 0, and the point of intersection of m and Q is [1 : 0 : 0 : 0] (so that the plane Π is given by x 1 = 0). Moreover, we impose that ℓ is of degree 1. All in all, this amounts to setting the following coefficients equal to zero in (3): a 0112 , a 1003 , a 1012 ; a 4000 , a 3010 , a 2020 , a 1030 ; a 3001 , a 2011 .
On the other hand, to avoid contradictions such as ℓ having degree 0 or the point [1 : 0 : 0 : 0] being singular, the following coefficients must be non-zero: a 1021 , a 0130 ; a 3100 .
We then suppose that the degree of the cuspidal curve K is k, so that the image of K in P 3 is parametrized by (9), and we impose that the coordinates of ψ(s) satisfy the equations of the derivatives of the residual cubics relative to ℓ (parametrised by x 0 = s 2 x 1 ). We divide our analysis according to the value of k which, by virtue of Lemma 4.17, can be 2, 3 or 4. When k > 2 the curve K must necessarily meet at least one exceptional divisor E i coming from P , so ψ(t 0 ) = [0 : 0 : 0 : 1] for some t 0 , and up to change of coordinates we can suppose that t 0 = 0. We can also normalize one of the a i 's, once we know that it is non-zero. We divide the computations according to the following cases:
In each case, the choice of the following coefficients is unique (the first three turn out to be always equal to zero): a 0211 , a 1111 , a 2011 ; a 0400 , a 1300 , a 2200 , a 3100 , a 4000 ; a 0310 , a 1210 , a 2110 , a 3010 ; a 0301 , a 1201 , a 2101 , a 3001 .
We observe that if the residual cubic of a fiber contributing to the valency splits into a line m ′ and an irreducible conic, then m ′ passes through ψ(s) and the point [0 : 0 : a 1021 s 2 : a 0130 ] on the line ℓ. The equations of m ′ can be explicitly found (one of them is x 0 = s 2 x 1 and the other is of the form ax 1 + bx 2 + cx 3 = 0) and imposing that X contains m ′ yields a polynomial in s, which is generically of degree k + 5. This polynomial cannot be the zero polynomial, otherwise all points on the cuspidal curve would be singular, but there are only isolated singularities on X. Other residual cubics either do not contribute to the valency of ℓ or are singular in P , in which case they must be contained in the tangent cone of P (since P is not of type A 1 , there can be at most two of them). Taking into account also the line m, we get that v(ℓ) ≤ (k + 5) + 2 + 1 ≤ 12. Proof. By Lemma 2.23, we can suppose that X contains one of the configurations listed in Figure 1 , except A 0 , B 0 or C 0 because they do not contain a singular point. In the configurations A i and B i , i = 1, 2, 3, all lines must be elliptic (because the corresponding fiber is of type I n or IV) and those of singularity 0 cannot have valency higher than 18 (since there cannot be an automorphism of degree 3 exchanging the other three lines). Hence, for each line of the configuration we consider the following bounds on its valency v according to its singularity s:
Moreover, we use the fact that there can be at most 8 lines going through each singular point (Lemma 2.7). For configurations D 0 and E 0 we use the bound v ≤ 19 for the simple lines, which might be quasi-elliptic. We obtain the following bounds on the total number of lines N :
• configurations A 1 and B 1 : N ≤ 62;
• configurations A 2 and B 2 : N ≤ 63;
• configurations A 3 and B 3 : N ≤ 57;
• configurations D 0 and E 0 : N ≤ 58.
We can now prove Theorem 1.1 in the triangle case. Suppose that X has a line ℓ 0 of valency 20. Then ℓ 0 is a special line of type (6, 2), by Tables 1 and 2 and Proposition 3.3, and the 1-fibers are the only ramified fibers. Moreover, the six 3-fibers do not contain any singular point, since if one of them did, then on account of the automorphism σ induced by ℓ 0 it would have Euler-Poincaré characteristic at least 6 and e(Z) would exceed 24.
Let ℓ i , i = 1, 2, 3, be the three other lines on Π (which must be one of the unramified 3-fibers), let m 1 and m 2 be the lines in the 1-fibers, and P i the points on m i which sit on the residual conic but not on ℓ 0 (i = 1, 2).
The lines ℓ i have the same valency, which must be greater than 18, or else X has at most (20 − 3) + 3 · (18 − 3) + 4 = 66 lines; moreover, they cannot be quasi-elliptic because they have an I 3 -fiber. Therefore, they induce an automorphism of degree 3, whence they must have the same fibration of ℓ 0 ; in particular, their 3-fibers do not contain singular points and they have valency 20. Proof of the claim. The lines ℓ i also have fibration (6, 2). Let n be a line in a 3-fiber of one of the ℓ i which meets m 1 : there are 15 of them. By the same
argument as for the ℓ i 's, n must also be special lines of valency 20. Note that, regardless of P 1 being singular or not, they must meet m 1 in a point different from P 1 . It follows that m 1 must belong to a 1-fiber of n, because it cannot have valency 20: therefore, m 1 has 16 fibers of type III with ramification of order 2. By the Riemann-Hurwitz formula, m 1 must be inseparable, so P 1 must be singular. Recalling Lemma 4.11, we conclude that m 1 is cuspidal. The same reasoning applies to P 2 and m 2 .
The points P i must be of type A 1 , otherwise the Euler-Poincaré characteristic of X would be greater than 24. Let now C be the residual cubic contained in the plane on which both m 1 and P 2 lie. We claim that C can be neither irreducible nor reducible, thus finding a contradiction.
In fact, if C is irreducible, then C must have a cusp in P 2 , but this is impossible, since the cuspidal curve of the fibration induced by m 1 is the strict transform of m 1 . On the other hand, if C is reducible, then it has 2 or 3 components and, since P 2 is of type A 1 , the corresponding fiber has 3 or 4 components, but there do not exist quasi-elliptic fibers with 3 or 4 components.
Square case.
We employ here the technique of the line graph Γ = Γ(X), which we recalled in §2.4. Here, as char K = 2, a parabolic subgraph D ⊂ Γ might induce an elliptic or a quasi-elliptic fibration. It is therefore important to classify all lines of valency greater than 13 on triangle-free surfaces. By Lemma 2.22, all such lines must be quasi-elliptic. Proof. The proof is a case-by-case analysis on the configurations of Figures  2 and 3 given by Lemma 2.24. We use the bound of Lemma 2.22 for elliptic lines and those of Table 2 . Moreover, we use the fact that there are at most 8 lines through a singular point (Lemma 2.7) .
We have to refine our argument only for configurations A 8 and C 1 .
• In configuration A 8 , all lines are elliptic, have degree 1 and singularity 2. Since the plane corresponds to an I n -fiber, with n ≥ 5, they can be met by at most 9 other lines in other planes. It follows that X contains at most 4 · 9 + 4 · (8 − 2) + 4 = 64 lines.
• In configuration C 1 , if one of the lines is quasi-elliptic, then the plane corresponds to a fiber of type I * 0 ; by an Euler-Poincaré characteristic argument, the valency of the lines is not greater than 16, so X contains at most 4 · 16 + 4 = 68 lines. Note that C 1 is the only configurations where 68 can be reached. Now that we have ruled out completely reducible planes, it will be easier to classify lines with valency greater than 13. Since X is triangle-free, such lines must be quasi-elliptic of degree 3 or 2.
Lemma 5.6. If ℓ ⊂ X is a quasi-elliptic line of degree 3 and valency v > 13 on a surface without completely reducible planes, then it has one of the fibrations listed in Table 5 .
Proof. Since X does not have completely reducible planes, a residual cubic of ℓ can be either irreducible or split into a line and a conic. In the former case, it must have a cusp, which might be a singular point of the surface; in the latter case, the line and the conic must be tangent, and their intersection point might be a singular point of the surface. We can have the following possibilities for reducible fibers (the extra subscript number denotes the local valency, while a and b distinguish the two possibilities for I * 2n,1 ): III 0 : : cusp with a point of type A 1 ; III 1 : : line and conic with a smooth intersection point; I * 2n,0 : : cusp with a point of type D 2n+4 ; I * a 2n,1 : : line and conic with a point of type A 2n+3 , n ≥ 0; I * b 2n,1 : : line and conic with a point of type D 2n+3 , n ≥ 1; III * 0 : : cusp with a point of type E 7 ; III * 1 : : line and conic with a point of type E 6 ; II * 0 : : cusp with a point of type E 8 . We then make a list of the fibrations that lead to v(ℓ) > 13, imitating the arguments of Proposition 4.6. The results are shown in Table 4 . There are 14 cases; in two of them (cases 4 and 9) one has to distinguish the type of the fibers I * a 2n,1 and I * b 2n,1 . We then explicitly compute the rank of the intersection matrix of these 14 cases, taking into account the general fiber F , the line L, the fiber components and the cuspidal curve K. The only unknown intersection number is K · L, but by Lemma 4.5 this can only be 0, 1 or 2. If the rank is always greater than 22, the fibration is discarded. The cases that pass this test are those listed in Table 5 (all of them with K · L = 0). Table 5 . Fiber configurations from Table 4 for a quasielliptic line ℓ of degree 3 with 13 < v(ℓ) ≤ 16 which generate a lattice of rank ≤ 22. Proof. By Lemma 4.11, ℓ is cuspidal and we can assume that it admits the second configuration of Lemma 4.12. Therefore, the singular point P on ℓ is of type A n . Let F 0 be the only fiber whose residual cubic intersects ℓ only in P , and let F be a reducible fiber different from F 0 . The residual cubic of F cannot be irreducible (because its cusp is on ℓ, which does not have other singular points, and thus F would be of type II), and it cannot split into three lines by hypothesis. It follows that F is the union of a line and an irreducible conic, necessarily meeting tangentially at a point of ℓ; hence, F is of type III and has valency 1.
On the other hand, the fiber F 0 is a reducible fiber: in fact, if it were not, then ℓ would have 20 fibers of type III and valency 20, but this is excluded by Proposition 4.9. The residual cubic C 0 of F 0 is irreducible (necessarily, with a cusp in P ): indeed, it can never be the union of an irreducible conic and a line, because it would result in a fiber of type I n , and by hypothesis it cannot split into three lines. It follows that the strict transform of C 0 is a simple component of F 0 , and the remaining components are supplied by the exceptional divisors coming from P . Since P is of type A n , this is only possible if F is of type III. By Lemma 2.9, P is of type A 2 (one exceptional irreducible divisor is a fiber component, the other one a section) and an Euler-Poincaré characteristic argument yields that there are 19 other III-fibers. Proof. The proof is to be done case by case according to the possible fibrations of ℓ given by Lemma 5.6 and Lemma 5.7. The fibrations univocally determine the singular locus of X (for d = 3, we refer to Table 5 ) and are mutually exclusive, in the sense that the same surface cannot have two lines of valency greater than 13 with different fibrations. We do one case as example; one can argue analogously for the other cases.
Suppose that X contains a line falling in case 2 of Table 5 . The surface X has then two singular points of type D 4 and A 1 , ℓ is of degree 3 and v(ℓ) = 16. Consider the set S(ℓ) of lines that do not meet ℓ (and are therefore sections of its fibration). The number of lines on X is not greater than
If all lines in S(ℓ) pass through the singular points, then there can be at most 16 of them. Suppose then that s ∈ S(ℓ) does not go through the singular points. Then, by inspection of the intersection matrix, s must meet exactly 8 lines contained in the III 1 -fibers of ℓ. We choose 2 of these 8 lines, say m 1 and m 2 , such that the corresponding fibers are not ramified for ℓ (this is possible since ramification occurs in at most two fibers). Now, ℓ, m 1 , m 2 and s form a square D. The lines m 1 and m 2 must be elliptic, since they have a fiber of type I 2 . Since the valency of s cannot be greater than 16, the number of lines on X is not greater than Proof. We observe that a fiber of type III cannot contain two lines, since two lines never intersect tangentially. Therefore, applying formula (10) twice, one gets Proof of Theorem 1.1. Having treated the triangle case (Proposition 5.2), the square case (Corollary 5.9) and the square free case (Proposition 5.11), the proof is complete.
Rams-Schütt's family
The bound of Theorem 1.1 is sharp and is reached by all surfaces of the following family, as long as λ = 0:
This family was found by Rams and Schütt [9] and differs by theirs only up to a change of coordinates.
A member X of family X 68 , for λ = 0, contains one singular point P = [0 : 0 : 0 : 1] of type A 3 . The point P sits in a configuration C 1 lying on the plane x 0 = 0. The four lines making up this configuration are cuspidal lines. The remaining 64 lines -including, for instance, the line x 1 = x 3 = 0 -are special lines of valency 19. The minimal resolution of X is a Shioda supersingular K3 surface of Artin invariant 2.
The rest of the section is dedicated to the proof of Theorem 1.2.
Lemma 6.1. If Φ(X) = 68 and X admits a configuration C 1 , then X is projectively equivalent to a member of family X 68 .
Proof. We parametrize the surface in such a way that the configuration C 1 sits in the plane Π : x 0 = 0 and that two lines in Π are given by ℓ 1 : x 0 = x 1 = 0 and ℓ 2 : x 0 = x 2 = 0. Let us call the other two lines ℓ 3 and ℓ 4 . Necessarily at least one of the lines in Π, say, ℓ 1 , has valency greater than 16. Since ℓ 1 has degree lower than 3, it must be a cuspidal line. It follows that the plane Π represents a fiber of type IV * for ℓ 1 , there are no other singular points on the surface and v(ℓ 1 ) is exactly 16. The same must hold for the other three lines in Π. Up to coordinate change, we can suppose that one of the lines meeting ℓ 1 is given by ℓ ′ :
Imposing that the lines ℓ 1 , . . . , ℓ 4 are cuspidal, we obtain a quartic which is projectively equivalent to a member of X 68 . The following coefficients are different from 0 and can be normalized to 1: a 0220 , a 1012 , a 1102 , a 3001 .
We first impose that ℓ 1 and ℓ 2 are cuspidal setting their polynomial ϕ identically equal to 0, as in Lemma 4.11, obtaining the following relations: At this point, ℓ 3 and ℓ 4 are given by x 0 = x 2 1 + x 1 x 2 + x 2 2 = 0 and imposing that they are cuspidal yields the following equation: Proof. Let Π be the plane containing a triangle. By virtue of Proposition 5.1, we can suppose that Π has no singular points. Let us call ℓ 0 , . . . , ℓ 3 the lines on Π. At least two of them are special; since each special line induces an automorphism of order 3 which exchanges the other three, it follows that all four of them induce fibrations with the same singular fiber types and, in particular, the same valency, which must be equal to 19. Proof of the claim. By the presence of the automorphism, the residual cubic of the fiber should be as in configuration A 4 or B 4 . We can exclude both of them using formula (1) and the known bounds of Table 1 (the other three lines must necessarily be elliptic since they admit a fiber of type I n ).
Let ℓ ′ be the line in the (ramified) 1-fiber of ℓ 0 and let P be the point of intersection of ℓ ′ with the residual conic C not on ℓ 0 . Consider the 15 3-fibers of ℓ 1 , ℓ 2 and ℓ 3 other than Π. In each of them, there is a line meeting ℓ ′ : let us call these lines m i , i = 1, . . . , 15. By the same argument as before, the lines m i are special lines of valency 19.
We now distinguish the two cases, according to whether P is smooth or singular. Suppose first that P is smooth. It follows that ℓ ′ does not belong to a 3-fiber of m i because otherwise ℓ ′ should have valency 19; hence, ℓ ′ sits in the 1-fiber of each m i (and of ℓ 0 ), and thus ℓ ′ has exactly 16 fibers of type III. Necessarily, ℓ ′ is quasi-elliptic, and all other reducible fibers must have an irreducible residual cubic. By an Euler-Poincaré characteristic argument, there can be two cases:
(i) either ℓ ′ has 4 more fibers of type III, whose residual cubics have a cusp which is a singular point of type A 1 ; (ii) or ℓ ′ has one fiber of type I * 0 , whose residual cubic is a cusp with a singular point of type D 4 .
• In case (i), the line ℓ 0 has a ramified 1-fiber of type I 2 , six 3-fibers without singular point (Claim 5), and no other 1-or 3-fiber. It follows that ℓ 0 has four more fibers F 1 , . . . , F 4 with irreducible residual cubics, each of them containing one of the four points of type A 1 (in fact, an irreducible residual cubic can have at most one singular point of the surface). This means that e(F i ) ≥ 2, so that e(X) ≥ 2 + 6 · 3 +
e(F i ) ≥ 28, which is impossible.
• Similarly, in case (ii), the line ℓ 0 would have one more fiber F containing the point of type D 4 , with e(F ) ≥ 6 (since F contains more than 5 components); we would then obtain e(X) ≥ 2 + 6 · 3 + e(F ) ≥ 26, also impossible. We can therefore suppose that P is a singular point of X. Consider now the lines ℓ ′ 1 , ℓ ′ 2 , ℓ ′ 3 in the 1-fibers of ℓ 1 , ℓ 2 and ℓ 3 . By the same token, also the line ℓ ′ i contains a singular point P i , i = 1, 2, 3. If the four points P , P 1 , P 2 , P 3 are distinct, then ℓ 0 has a 1-fiber of type I n , n ≥ 3, six 3-fibers, and three fibers F i containing P i with e(F i ) ≥ 2, i = 1, 2, 3, but this cannot be: e(X) ≥ 3 + 6 · 3 + 3 · 2 = 27. Hence, the points P i coincide with P , and v(ℓ ′ ) = 16. Arguing as before, ℓ ′ has 16 fibers of type III and is quasi-elliptic. By Proposition 4.14, ℓ ′ is cuspidal, and so are ℓ ′ 1 , ℓ ′ 2 and ℓ ′ 3 ; necessarily, they must lie in the same plane, forming a configuration C 1 . We can then conclude applying Lemma 6.1. Corollary 6.3. If Φ(X) = 68 and X admits a completely reducible plane, then X is projectively equivalent to a member of family X 68 .
Proof. By Proposition 6.2, we can assume that X is triangle free. By inspection of the proof of Proposition 5.5, we see that X must admit a configuration C 1 , so we can apply Lemma 6.1.
Proof of Theorem 1.2. By Corollary 6.3, we can suppose that X does not admit any completely reducible plane. We claim that this assumption leads to a contradiction.
By virtue of Proposition 5.11, we can suppose that X admits a square D formed, say, by the lines ℓ 1 , . . . , ℓ 4 . The square D induces an elliptic fibration π : X → P 1 because I 4 is not a quasi-elliptic fiber. On account of (ii) all the components of the singular fibers of the fibration π must be lines. Let F be a general fiber of the fibration π. Since F is linearly equivalent to L 1 + L 2 + L 3 + L 4 , we have F · H = 4, where H is the hyperplane divisor. It follows from (ii) that all singular fibers are composed by 4 lines. Since the only fiber type with 4 components is I 4 , the fibration π has necessarily 6 fibers of type I 4 , i.e., 6 squares. Let us put ℓ 1 i := ℓ i and call the other 20 lines ℓ j i , i = 1, . . . , 4, j = 2, . . . , 6. Arguing as before, we deduce that v(ℓ j i ) = 13 for every i, j.
Since there are no completely reducible planes, the lines ℓ j i have no 3-fibers; by Lemma 2.14 and Table 2 , they must be quasi-elliptic of degree 3 or 2.
Claim 7. The surface X is not smooth.
Proof of the claim. If X were smooth, then ℓ 1 would induce a fibration with 20 fibers of type III formed by a line and an irreducible conic, so v(ℓ 1 ) = 20, which contradicts v(ℓ 1 ) = 13.
Let E be an (irreducible) exceptional divisor coming from the resolution of a singular point P . Since E is not a component of a singular fiber of π, E is a multisection of π. On the other hand, E can only have positive intersection with one of the L i , i = 1, 2, 3, 4, since the point P can sit only on one line ℓ i , so E is actually a section. Up to index permutation, we can suppose then that E · L j 1 = 1 for j = 1, . . . , 6, i.e., the point P belongs to the lines ℓ j 1 , j = 1, . . . , 6 (which have then degree 2). Claim 8. The point P is of type A 1 .
Proof of the claim. If P is not of type A 1 , then there is another exceptional divisor E ′ coming from P , and we can suppose E ·E ′ = 1. Arguing as before, E ′ is also a section and since P is contained in ℓ j 1 , we have E ′ · L j 1 = 1, too. But E and E ′ can intersect each L j 1 only in one point, namely the one mapping to P through the resolution, because ℓ j 1 has degree 2 for each j.
Hence, E and E ′ have six different points in common, which is impossible since E · E ′ = 1.
Finally, let us consider a line in the square D different from ℓ 1 intersecting ℓ 1 ; up to renaming, we can suppose it is ℓ 2 . Let Π be the plane containing both ℓ 1 and ℓ 2 and let F be the fiber corresponding to Π in the fibration induced by ℓ 2 . The residual conic C in Π is irreducible since there are no completely reducible planes. The fiber F is composed of the exceptional divisors coming from P , and the strict transforms of ℓ 1 and C, that is to say, three components in total, since P is of type A 1 . On the other hand, ℓ 2 is a quasi-elliptic line and in characteristic 2 there are no quasi-elliptic fibers with three components: contradiction.
